The matching theorems for twisted orbital integrals will be used in another paper to prove character formulas relating twisted characters on G to ordinary characters on H. These will generalize the lifting theorem proven by Kazhdan [K] in the case that m = 1. It will be shown in that paper that
\-i
for all x G N G (H), 7 G H Π G'. Thus when x G N G {H), the condition on f H in Theorem 1.2, (ii), is just for all 7 G HΠG f . Since Λ 7 * is an ordinary orbital integral, this is automatic when x G H.
The proof of Theorem 1.1 is routine using an easy extension of results in [V] to the twisted case and techniques as in [A-C, 1.3] . The proof of Theorem 1.2 uses the fundamental lemma proven by [W2, Hn] . Assume that K is unramified. Let K -GL(n, R) where R is the ring of integers of F and let H{G) denote the Hecke algebra of functions in C%°(G) which are K bi-invariant. Similarly, we define H{H), the Hecke algebra of H. Let b : H{G) -> U(H) be the homomorphism defined in [W2] . The following theorem was proven by Waldspurger [W2] when the algebra ^(7) is a product of tamely ramified extensions of F and was extended to the general case (as well as to the case of characteristic F not zero) by Henniart [Hn] . Theorem 1.3 (Waldspurger, Henniart) . Let φ G U{G),η G HΠG'. Then Theorem 1.2 follows from Theorem 1.3 as follows. First, using standard techniques, it is enough to prove a matching of orbital integrals in a neighborhood of each semisimple element s of H. Further, by passing to centralizers, it is easy to reduce to the case that 5 = 1. The matching in a neighborhood of s = 1 is a result of the following theorems which show that all germs in a neighborhood of the identity come from Hecke functions. Using the results of [V] we obtain the following corollary. The organization of the paper is as follows. In §2 we extend many of the results of Vigneras [V] to the case of twisted orbital integrals.
In §3 we use the results of §2 to prove Theorems 1.1 and 1.2. I would like to thank the Mathematics Departments of the University of Toronto and the University of Wisconsin for their hospitality during the preparation of this paper. §2. Twisted Orbital Integrals. Let G = GL(n,F) and let «bea unitary character of F x of order d, d a divisor of n. In this section we do not assume that K is unramified. We extend K to a character of G by setting [V, l.h] .) In this section we will extend results of Vigneras on orbital integrals to the twisted case. For x G G, define the normalizing factor d(x) as in [V, l.g] . We will also write
Let s be a semisimple element in G. Then as in [V, l .j] we write A s for the set of all elements x of G with semisimple part (of the Jordan decomposition of x) conjugate to s. Let A s -UO (su t ), 1 < i < m, be the standard decomposition as in [V, l.j] where Proof. We follow the proof of [K, 3.8] .
. Then since G has only a finite number of orbits in A s we see that Λ is generated by the λ i? l < i < m, where Xi(π(f)) = F κ {f,sUi).
Let 5 K = ifeSiλ (f) = 0, Vλ G ΛJ. Then S^ is the set of all finite sums of functions [V, 2.4] there is an open, G-invariant neighborhood Vf of 5 such that φ is zero on Vf. Thus
Lemma 2.3. Let f G C%°(G). Then there is a neighborhood V f of s in G so that and
for all x G V f .
Thus by Lemma 2.2 there is a neighborhood Vf of s such that F κ (/', x) = 0 for all ar G V>. D
As in [V, l.m ], for any s G G semisimple, we let Γ be the center of M = G s . Let ΪZ G ZQ(T) be unipotent. Then (T, u) is called a standard couple. For any subset X of G, let X rep denote the subset of elements x G X such that the dimension of the conjugacy class of x is greater than or equal to the dimension of the conjugacy class of any y G X.
We can now extend Theorems A and B of [V, l.n] to the twisted case. 
Theorem 2.4. (A) Let f G G C°°( G) and let F(x)
Proof. Part (A) follows from Lemma 2.3 and [V, 2.7] . It also follows easily from [V, 2.7] 
. Now the proof of (B) follows by an induction argument as in [V, 2.8] . D
We can use Theorem 2.4 to obtain the following localization result. Let T l5 ...,T r be a complete set of Cartan subgroups of G, up to G-conjugacy.
Lemma 2.5. Let V be a closed and open subset of X such that O(V)
otherwise.
Then for any x,g £ G,s {gxg~ι) -gs(x)g~1 G O(V) if and only if s(x)
Thus F v satisfies (i) of Theorem 2.4.
Let (T, IA) be any standard couple. We can assume that T C T; C X for some TV Let V τ 
Let s E G be an arbitrary semisimple element. Let {7\, ...,T r } be representatives for the Cartan subgroups of G, up to G-conjugacy, such that s E Ά, 1 < i < r. Let M be the centralizer of s in G. Then Ti C M, 1 < i < r, and for any τ/> E G^°(M),7 E T< Π G', we can define Let G = GL(n,F),K = GL(n, iϊ), and let K be a unitary character of F x of order d, d a divisor of n. Unless otherwise noted we will assume that /s is unramified.
As in Theorem 1.6 we let Uι,...,u k represent the unipotent conjugacy classes with G Ut C G o , and </>i,...,0fc E ^(G) satisfy A κ {φi,Uj) = δij. The following lemma is a special case of Lemma 2.3. Now let E be the cyclic extension of order d of F corresponding to K and let H -GL(m,E)^md = n. Fix an embedding of H in G as in [W2] . Then for 7 G ίί we can define both the ordinary orbital integral Λ /ί (/, 7), / G C^°(-ff), and the twisted orbital integral A^(/,7),/ G C C°°( G). [W2] , and define the transfer factor Δ^ as in [W2, HI] . The following theorem was proven by Waldspurger [W2] for F of characteristic zero and F(j) tamely ramified over F, and was extended by Henniart [Hn] .
Write H(G),7ί(H) for the Hecke algebras of G and if respectively. Let b : H(G) -+ U(H) be the homomorphism of Ή(G) onto Ή(#) defined as in

Theorem 3.2 (Waldspurger, Henniart). Let f G K(G),j G HnG'. Then
Write Z G for the center of G.
Theorem 3.3. Let z G Z G . (i) Let f G G C£°(G). Then there are a neighborhood U of z in H and f H G C™{H) so that
for all ye UΓiG'.
(ii) Let f H G C^°(H). Then there are a neighborhood U of z in H and f G G C C°°( G) 50 that for all-ye UΠG'.
Proof. Suppose first that z = 1 is the identity. Define Uι,...,Uk £ G, φi,... ,φk € H(G), as in Lemma 3.1. Let f G G C™{G) and let V be a neighborhood of 1 in G so that
Let C/ = V Π ίΓ. Then using Theorem 3.2, for all 7 G (7 (Ί G",
Now let izi,..., u' k G H, ^i,..., φ' k G Ή(£Γ) be defined as in Theorem 1.4 so that u[^..^u k represent the unipotent conjugacy classes in H and for all 7 G UΠH'. Choose <£ l5 ...,</> fc G U{G) so that 6^ = #, 1 < i < k, and define Then as above
Δ^(7)Λ° (/ G , 7 ) = Σ
A " (/«'4) Δ G (7)Λ° (^, 7)
for all 7 e UΠG f . To extend the result to arbitrary z E Z G: we use right translation by z as in [V, 2.5] . D
We want to extend the matching of Theorem 3.3 to a matching which is valid for every 7 G H ΠG'. In order to do this, we need to be able to match orbital integrals in the neighborhood of any semisimple element of H.
Let s G H be an arbitrary semisimple element. Let M G be the centralizer of 5 in G and let M H be the centralizer of s in H. to show that there is a neighborhood U of 5 in M H so that Δ^ ί Δ^ J is constant and non-zero on [/Πff, so we can also match using the transfer factor A G . This is proven in Lemmas 3.5 and 3.6 below. D
Lemma 3.4. (i) Let ψ G G C^° (M G ). Then there are a neighborhood U of s in M H and ψ H e C c°° (M H ) so that for all
In order to complete the proof of Lemma 3.4, we must define the transfer factors. For 7,ί E F, let c x ,...,c m , respectively dι^..^d m denote the eigenvalues of 7, resp. 5, in some extension of E. As in [W2, HI] we set = Π Then for all 7 G H Π G ; , we define
where Q(E/F) denotes the Galois group of E/F. Further, we set Δ£ 2 (7) = 1 for all 7 G H if d is odd. If d is even, let σ + be the unique element of order 2 in G(E/F) and let v E denote the valuation in E. Then we define for all 7 G H. Finally, for all 7 G if Π G', we define
We now return to the notation of Lemma 3.4 so that s G H is an arbitrary semisimple element with centralizers M G and M H in G and H respectively. det ( 7 ) π yΛ|2 We can index the eigenvalues of 7 in GL(n, F) as c(i,j, ί), 1 < i < k, 1 < < ^-ή 1 < ^ < ^ή so that Proof. We first need to derive an alternate formula for Δ G ' 2 . Let σ 0 be a generator of Q{E/F). For all 7 G H we define Δ(7) = Π Then for each 7 G if Π G',h(η) is an element of E x . Clearly r(δ,j) - (-l) m r(7, δ) for all 7, δ E H. Thus it is easy to see that J will extend to a function which is constant and nonzero in a neighborhood of 5 if we can show that 7^Δ( 7 )Π^./F(eo.i extends to a continuous function on M H which is not zero at 7 = s. Note that, using the notation in the proof of Lemma 3.6, we have
Thus the analysis proceeds exactly as in Lemma 3.6. That is, Π N Fi / F ί e o ,iΔi (ji) J cancels out exactly the terms in Δ(7) which are zero when 7 = 5. D Let Ti,...,Tfc denote the Cartan subgroups of H containing 5, up to Gconjugacy.
Lemma 3.7. If 7 £ Uf =1 ί/' («ί), then 7 g Ω so that
(ii) Let Γi, ...,T fc be a complete set of Cartan subgroups of H up to Gconjugacy. For each i, let Ω^ be the support of Λ^ (/#, •) restricted to T τ . Let X = UΓj and Ω = UΩ;. Then Ω is a compact subset of X. For each s G X, use Lemma 3.7 to find £7(s), a compact open neighborhood of s in X, and / β G G C°°( G) such that Δg(τ)Λ? (Λ,7) = Λ H (//f,7) ,7 e U(s) Π G'.
Note that since both sides transform in the same way with respect to Gconjugacy, the equality is in fact valid for all 7 G OG(U (S) ) Π H Π G'. Write U'(s) -O G (U(s)) Π X. Now the proof is finished in the same way as that of (i) using Lemma 2.5. D
If we drop the assumption that E/F is unramified, we can obtain a weaker version of Theorem 3.8 as follows. Let s be a semisimple element of H and as before let T l5 ...,T r be the Cartan subgroups of G which contain s, up to G-conjugacy. Suppose that M G = M H . Then T { C M G = M# C H for all 1 < i < r. We can use the results of §2 to prove the following lemma. . Then M G = M H is a Cartan subgroup of H and G, so that we can apply Lemma 3.9 in a neighborhood of s. Thus if we restrict our attention to functions supported on such points, we can use Lemmas 3.9 and 2.5 to prove the following theorem. 
